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Abstract: We study the first non trivial gravitational corrections to the F-terms
of N = 1 SYM SO/Sp gauge theories, with matter in some representations, by using
the generalized Konishi anomaly method. We derive equations at genus one for the
operators in the chiral ring and compare them with the loop equations of the corre-
sponding matrix models, finding agreement. We find that for adjoint representation
the genus 0 contributions to such corrections can be adsorbed by a field redefinition;
remarkably, this is not the case for matter in the (anti-)symmetric representation of
(Sp) SO.
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1. Introduction
The dynamics ofN = 1 gauge theories has been better understood since the Dijkgraaf
and Vafa (DV) conjecture [1], relating the effective superpotential of a wide class of
N = 1 gauge theories with the free energy of related matrix models; since then,
many checks of the conjecture have been done, for instance it has been applied to a
variety of gauge theories, by using perturbative arguments, and by using anomalies
[2] [7] [10] [11] [14] [15]. In particular, DV conjectured that for gauge theories in
flat space-time the effective superpotential of such gauge theory can be computed
by summing planar diagrams in the related matrix model, whose action is given (up
to a factor) by the superpotential of the gauge theory. If one, instead, considers
gauge theories in non flat backgrounds, for instance turning on the N = 1 Weyl
multiplet or the graviphoton, then the non-planar diagrams of the matrix model
become relevant. The precise relation between these gravitational F-terms and the
non planar diagrams of the matrix model has been studied in [3] [4] [5] [6].
The original conjecture made use of String theory, a direct field theory derivation
was given in [7], by using Ward identities from the generalized Konishi anomaly. The
issue of gravitational F-terms was studied in [9] [8] by applying this same method.
In [9] it was considered the first non trivial gravitational correction to the effective
superpotential in a U(N) gauge theory with a single adjoint chiral multiplet, by using
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the generalized Konishi anomaly and the gravitationally deformed chiral ring. The
purpose of this paper is to extend such analysis to SO/Sp gauge theories with matter
in both adjoint and symmetric representations (or adjoint and antisymmetric for Sp).
As for the U(N) case, the three key points are the gravitational deformation of
the chiral ring, the gravitational contribution to the Konishi anomaly and the non
factorization of product of operators in the chiral ring.
With these ingredients we derive genus one equations for the relevant operators
and compare them with the matrix model loop equations. We show that gravitational
corrections get also a genus zero contribution. This contribution can be adsorbed by
a field redefinition when matter is in the adjoint representation, but, interestingly,
this is not the case when matter is in the (anti-)symmetric representation for (Sp)
SO. This is related to the fact that these theories cannot be obtained by softly
breaking N = 2 to N = 1 by turning on fluxes, then the stringy arguments of [5] [6]
does not necessarily apply.
The present paper is organized as follows: in section 2 we list some preliminaries
results that will be used in the rest of the paper, in section 3 we find the genus one
gravitational correction corresponding to a SO(N) gauge theory with matter in the
adjoint representation and generalize such results for the symmetric representation
and for the Sp(N) group, in section 4 we compare our results with the matrix model
analysis and finally we end with some discussion and open problems.
2. Preliminaries
In this section we set some notation and results that will be useful in the calculation
of the genus one contributions to the effective superpotential. We consider a N = 1
gauge theory coupled to N = 1 supergravity with a matter chiral field Φ.
The chiral ring is spanned by all the chiral operators (annihilated by the covariant
derivative Dα˙) modulo Dα˙ exact terms, where the exact terms should be gauge
invariant and local operators. In the presence of the N = 1 Weyl multiplet Gαβγ ,
the chiral ring relations are [5]
[W α,Φ] = 0, {Wα,Wβ} = 2GαβγW
γ (2.1)
The full set of operators in the chiral ring can be encoded in the following operators
R(z)ij = −
1
32π2
(
W 2
z − Φ
)
ij
, R(z) = TrR(z),
ρα(z)ij =
1
4π
(
Wα
z − Φ
)
ij
, wα(z) = Trρα(z), (2.2)
T (z)ij =
(
1
z − Φ
)
ij
, T (z) = TrT (z).
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From (2.1) one can derive the following identities 1
[Wα,W
2] = 0, {Wα,W
2} = −
2
3
G2Wα, (2.3)
WαW
2 = −
1
3
G2Wα, W
4 = −
1
3
G2W 2
These identities imply that gauge invariant combinations of certain chiral operators
vanish in the chiral ring, for instance
GαβγTr(W
γΦΦ . . .) = 0. (2.4)
which can also be written as:
Gαβγw
γ(z) = 0 (2.5)
Multiplying (2.4) by Gαβδ we obtain
G2Tr(WαΦΦ . . .) = 0. (2.6)
Another important identity in the chiral ring is
G4 = (G2)2 = 0 (2.7)
In particular, the corrections due to the N = 1 Weyl multiplet, Gαβγ , truncate at
order G2.
Note that in this analysis we are not considering the graviphoton field strength
Fαβ , such field is necessary if one wants to capture arbitrary genus expansion, since
arbitrary powers of Fαβ are non vanishing.
3. Genus one solution
In this section we will derive the genus one contributions to the operators (2.2).
The equations for such operators can be derived by the method of the generalized
Konishi anomaly, that is one derives Ward identities in the chiral ring by considering
the anomalous variation δΦij = fij which gives rise to the following anomaly
δfji
δΦkℓ
Aij,kℓ (3.1)
In the following we study the gravitational corrections to the effective superpo-
tential, taking into account the N = 1 Weyl multiplet. We do it for a SO(N) gauge
theory with matter in the adjoint representation in detail and then state the results
for other groups and representations.
1From now on all the identities are intended to hold in the chiral ring, i.e. mod D¯.
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3.1 SO(N) with matter in the adjoint representation
For the case of SO(N)2, for matter in the adjoint representation, and in presence of
the gravitational background under consideration we have [12] [13]
Aij,kℓ = (W
2)kjδiℓ + δkj(W
2)iℓ − 2W
α
kjWαiℓ +
1
3
G2δkjδiℓ − (k ←→ ℓ) . (3.2)
Now, by taking variations of the form δΦij = R(z)ij , δΦij = ηαρα(z)ij and δΦij =
T (z)ij , we obtain the following equations
1
2
〈R(z)R(z)〉 −
1
2
G2
〈R(z)〉
z
− 〈Tr(V ′(Φ)R(z))〉 = 0,
〈R(z)wα(z)〉 − 〈Tr(V
′(Φ)ρα(z))〉 = 0 (3.3)
〈R(z)T (z)〉 − 〈Tr(V ′(Φ)T (z))〉 −
1
6
G2〈T (z)T (z)〉
−2
〈R(z)〉
z
+
1
6
G2
〈T (z)〉
z
+
1
2
〈wα(z)w
α(z)〉 = 0.
where V (Φ) is the tree level superpotential. As for the U(N) case, two point functions
do not factorize because of the non trivial gravitational background, but in general
contain a non vanishing connected piece. Then we need a set of equations for the
connected two point functions; such equations are obtained by considering variations
of the form
δΦij = Aij(z)B(w) (3.4)
where A can beR, ηαρα or T and B can be R, ηαwα or T . The reason for considering
two point functions in different points w and z is that we can impose conditions
on them that their integrals around various branch cuts in w and z planes vanish
separately. The Jacobian of this transformation has two pieces
δ(δΦji)
δΦkl
=
δAji(z)
δΦkl
B(w) +
∑
m
Aji(z) (Bmk(w)Tlm(w)− Bml(w)Tkm(w)) (3.5)
=
δAji(z)
δΦkl
B(w) +
∑
m
Aji(z) (Bmk(w)Tlm(w)∓ Bmk(−w)Tlm(−w))
where the plus sign holds when Bmk(w) = ηαρα(w)mk and the minus otherwise, this
can be seen by using the symmetry properties of the field Φ, which give
T (w)t = −T (−w), wα(w)
t = wα(−w), R(w)
t = −R(−w) (3.6)
With T (z)t we mean TrT t(z), etc. Considering these variations together with the
classical variation of the superpotential, one obtains a set of equations for the two
2For groups others than U(N), it was explained in [10] how to derive the anomaly equation, in
absence of gravity. See also [11] for a similar analysis.
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point connected functions that can be summarized in the following matrix equation

M(z) 〈T (z)〉 −
2
z
0
0 M(z) 0
0 0 M(z)



 〈T (z)T (w)〉c 〈T (z)R(w)〉c 〈T (z)wβ(w)〉c〈R(z)T (w)〉c 〈R(z)R(w)〉c 〈R(z)wβ(w)〉c
〈wα(z)T (w)〉c 〈wα(z)R(w)〉c 〈wα(z)wβ(w)〉c

 =
=
G2
6
∂w

 T˜ (z, w) R˜(z, w) 0R˜(z, w) 0 0
0 0 5ǫαβR˜(z, w)

 (3.7)
where we have introduced the operator M(z) = 〈R(z)〉 − I(z) and B˜(z, w) =
B(z, w) +B(z,−w) where
B(z, w) =
〈B(z)〉 − 〈B(w)〉
z − w
(3.8)
Here the integral operator I(z) is given by
I(z)A(z) =
1
2πi
∮
Cz
dy
V ′(y)A(y)
y − z
, (3.9)
with the contour Cz encircling z and ∞. Note that if A is equal to R, ηαρα or T ,
the integral operator reduces to
I(z)A(z) = V ′(Φ)A(z) (3.10)
The equation in (3.7) is of the form
M(z)N(z, w) = ∂wK(z, w) (3.11)
with M(z) the matrix operator appearing on the left hand side of eq. (3.7), and
N(z, w) and K(z, w) satisfying N(z, w) = N t(w, z) and K(z, w) = Kt(w, z). The
non-trivial consistency condition (integrability condition) is then given by
(∂wK(z, w))M
t(w) =M(z)∂zK(z, w). (3.12)
Using the methods of [9], it can be shown that the above integrability condition is
satisfied, the existence of solutions for the connected two point functions, equation
(3.7), is then guaranteed. However these solutions suffer from ambiguities, in the
form of a finite set of parameters. These ambiguities will be fixed by the physical
requirement that the contour integrals around the branch cuts of the connected two
point-functions, both in the z and w planes, vanish separately. The reason for this
is that the following operator equations hold:
1
2πi
∮
Ci
dzR(z) = Si,
1
2πi
∮
Ci
dwT (w) = Ni,
1
2πi
∮
Ci
dzwα(z) = wα i. (3.13)
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where Si is the chiral superfield whose lowest component is the gaugino bilinear in
the i-th gauge group factor in the broken phase SO(N) → SO(N0) ×
∏n
i=1 U(Ni)
and wα i is the U(1) chiral gauge superfield of the U(Ni) subgroup. Since these fields
are background fields, in the connected correlation functions the contour integrals
around the branch cuts must vanish:
∮
Ci
dz〈A(z)B(w)〉c =
∮
Cj
dw〈A(z)B(w)〉c = 0 (3.14)
This requirement makes the solution of the equations of (3.7) unique. We can
express such solutions in term of one function H(z, w), whose explicit form will be
not needed for the analysis done here. The two point functions we will need are
〈R(z)R(w)〉c = 0
〈R(z)T (w)〉c =
1
6
G2H(z, w) (3.15)
〈w(z)αwβ(w)〉c =
5
6
G2H(z, w)ǫαβ
Now we could plug these solutions into (3.3) and solve for the one point functions.
However note that we can instead perform the following rescaling 3
R(z)→ R(z) +
G2
6
T (z) +
G2
6
1
z
(3.16)
With this, equations (3.3) become
1
2
〈R(z)R(z)〉 − 〈Tr(V ′(Φ)R(z))〉 = 0, (3.17)
〈R(z)T (z)〉 − 〈Tr(V ′(Φ)T (z))〉 − 2
〈R(z)〉
z
−
1
3
G2
z2
+
1
2
〈wα(z)w
α(z)〉 = 0.
Where the chiral ring relations and equations of motion have been used. We have
not included the equation for wα(z) since it can be set consistently to zero. In order
to find the corrections to the zero order one point functions, we expand as follows
〈R(z)〉 = R(0)(z) +R(1)(z), 〈T (z)〉 = T (0)(z) + T (1)(z). (3.18)
With the superscript 0 with denote zero order in G2 and with the superscript 1, order
one in G2. Note that, since G4 terms are trivial in the chiral ring, this expansion is
exact. Substituting the above expansions in (3.17) we obtain for order 0
1
2
R(0)(z)R(0)(z)− I(z)R(0)(z) = 0
R(0)(z)T (0)(z)− I(z)T (0)(z)−
2
z
R(0)(z) = 0 (3.19)
3Note that such rescaling changes the boundary conditions (3.13) in a non trivial way .
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Note that these are the same equations already obtained in [10]. For order one, we
find
M(z)R(1)(z) = 0
M(z)T (1)(z) =
1
3
G2
1
z2
−G2H(z, z) (3.20)
Note that, as expected, the genus zero contribution (i.e. going with N2) has been
adsorbed with the redefinition (3.16).
The results of this subsection are for a SO(N) gauge theory with matter in the
adjoint representation, in the following we show the extension of such results for the
symmetric representation, as for the Sp(N) gauge group with matter in both adjoint
and antisymmetric representations.
3.2 SO(N) with matter in the symmetric representation
For the case of a SO(N) gauge group with matter in the symmetric representation
we have
Aij,kℓ = (W
2)kjδiℓ + δkj(W
2)iℓ − 2W
α
kjWαiℓ +
1
3
G2δkjδiℓ + (k ←→ ℓ) . (3.21)
By using the generalized Konishi anomaly, one can easily obtain the following equa-
tions
1
2
〈R(z)R(z)〉 −
1
2
G2〈
∂R(z)
∂z
〉 − 〈Tr(V ′(Φ)R(z))〉 = 0,
〈R(z)wα(z)〉 − 〈Tr(V
′(Φ)ρα(z))〉 = 0 (3.22)
〈R(z)T (z)〉 − 〈Tr(V ′(Φ)T (z))〉 −
1
6
G2〈T (z)T (z)〉
−2〈
∂R(z)
∂z
〉+
1
6
G2〈
∂T (z)
∂z
〉+
1
2
〈wα(z)w
α(z)〉 = 0.
Note that, unlike as for the previous case, the genus 0 contributions cannot be re
adsorbed by a field redefinition. The existence of such redefinition is expected for
theories that can be obtained by softly breaking N = 2 to N = 1, however note
that this is not the case for a SO(N) gauge theory with matter in the symmetric
representation.
Again the two point functions will contain a non vanishing connected piece, and
we need equations for such pieces. One can easily obtain

M(z) 〈T (z)〉 − 2
∂
∂z
0
0 M(z) 0
0 0 M(z)



 〈T (z)T (w)〉c 〈T (z)R(w)〉c 〈T (z)wβ(w)〉c〈R(z)T (w)〉c 〈R(z)R(w)〉c 〈R(z)wβ(w)〉c
〈wα(z)T (w)〉c 〈wα(z)R(w)〉c 〈wα(z)wβ(w)〉c

 =
=
1
3
G2∂w

 T (z, w) R(z, w) 0R(z, w) 0 0
0 0 5R(z, w)ǫαβ

 (3.23)
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As before, the solution to such equations is unique, and can be expressed in terms
of one function J(z, w), the two point functions of interest are
〈R(z)R(w)〉c = 0
〈R(z)T (w)〉c =
1
3
G2J(z, w) (3.24)
〈wα(z)wβ(w)〉c =
5
3
G2J(z, w)ǫαβ
Inserting this into (3.22) and expanding as before we obtain 4
M(z)R(1)(z) =
1
2
G2
∂R(0)
∂z
M(z)T (1)(z) = T (0)(z)R(1)(z) +
G2
6
(T (0))2 + (3.25)
2
∂R(1)(z)
∂z
−
G2
6
∂T (0)(z)
∂z
−
1
3
G2J(z, w)
3.3 Sp(N) gauge theory
Now we will focus on an Sp(N) gauge theory with matter in the adjoint (symmetric)
and in the antisymmetric representations. With symmetric (antisymmetric) we mean
that Φ has to be considered as a matrixMJ whereM is a symmetric (antisymmetric)
matrix and J is the invariant antisymmetric tensor of Sp(N). We take the generators
of Sp(N) to be (elk + ekl) with (elk)ij = δilδjk. The analysis for the Sp(N) case is
almost identical to the one for the SO(N) case, the only change being the sign in
the generators (and of course the different properties of the matrices representing
the field Φ, since the antisymmetric invariant J will enter in the intermediate steps).
Because of this the only difference with the case of SO(N) will be a change of sign in
front of the terms 1
z
for matter in the adjoint representation and of the terms ∂R(z)
∂z
and ∂T (z)
∂z
for antisymmetric matter. The reason for this was explained in [10]. The
results obtained are
M(z)R(1)(z) = 0
M(z)T (1)(z) =
1
3
G2
1
z2
−G2HSp(z, z) (3.26)
for the adjoint representation (note that the genus zero contributions have been
absorbed) and
M(z)R(1)(z) = −
1
2
G2
∂R(0)
∂z
M(z)T (1)(z) = T (0)(z)R(1)(z) +
G2
6
(T (0))2 (3.27)
− 2
∂R(1)(z)
∂z
+
G2
6
∂T (0)(z)
∂z
−
1
3
G2JSp(z, z)
for matter in the antisymmetric representation.
4One can see that the zero order equations are the ones obtained in [10] in absence of gravity
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4. Comparison with matrix model
In this section we will show how the kind of relations obtained previously can be
compared with the matrix model results. In particular, we will focus on the case
of SO(N) with adjoint and symmetric matter (an analogous treatment can also be
done for Sp(N)). In the case of planar diagrams, the matrix model for SO(N) was
studied in [14] [15] [16] [17].
4.1 SO(N) with adjoint matter
Let us consider the following one–matrix model with action
S =
M
gs
∑
k
gk
M
trΦk (4.1)
where Φ a M ×M matrix in the adjoint representation of SO(M). The resolvent
Ω(z) =
gs
M
tr
1
z − Φ
(4.2)
satisfies the following (loop) equation
1
2
〈Ω(z)〉2 − I(z)〈Ω(z)〉 −
1
M
1
2z
〈Ω(z)〉 +
1
2
〈Ω(z)Ω(z)〉c = 0 (4.3)
remember that the connected part of the correlator 〈Ω(z)Ω(z)〉c goes like
1
M2
and is
usually neglected when looking at the planar limit (large M limit); however for the
analysis done here it is needed. In order to show the M dependence explicitly, we
will write it as 1
2
〈Ω(z)Ω(z)〉c =
1
M2
Ω(z, z). Note that this loop equation is analogous
to the equation fulfilled by the generator R(z) in the corresponding gauge theory,
equation (3.3), provided we identify G2 with 1
M
.
Next we expand the resolvent in powers of 1
M
as
〈Ω(z)〉 = Ω(0)(z) +
1
M
Ω(1)(z) +
1
M2
Ω(2)(z) + · · · (4.4)
Plugging (4.4) into the loop equation, one finds(
1
2
Ω(0)(z)− I(z)
)
Ω(0)(z) = 0
(
Ω(0)(z)− I(z)
)
Ω(1)(z)−
1
2z
Ω(0)(z) = 0 (4.5)
(
Ω(0)(z)− I(z)
)
Ω(2)(z)−
1
2z
Ω(1)(z) +
1
2
(Ω(1)(z))2 + Ω(z, z) = 0
In order to compare these equations with their gauge theory counterpart let us
perform the following rescaling
R(z)→ R(z) +
G2
6
T (z) (4.6)
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Under this, equations (3.3) become
1
2
〈R(z)R(z)〉 −
1
6
G2
〈R(z)〉
z
− 〈Tr(V ′(Φ)R(z))〉 = 0,
〈R(z)T (z)〉 − 〈Tr(V ′(Φ)T (z))〉 (4.7)
−2
〈R(z)〉
z
−
1
6
G2
〈T (z)〉
z
+
1
2
〈wα(z)w
α(z)〉 = 0.
We can see that Ω(0) and R(0) follow the same equations, and the same happens for
Ω(1) and R(1). Let us now define the following operator:
D =
∑
i
Ni
∂
∂Si
(4.8)
Introducing the following notation
T (0)(z) = DR(0)(z) + Tˆ (0)(z), T (1)(z) = DR(1)(z) + Tˆ (1)(z) (4.9)
We see that Tˆ (0)(z) and Tˆ (1)(z) satisfy the following equations
M(z)Tˆ (0)(z)−
2
z
R(0)(z) = 0 (4.10)
M(z)Tˆ (1)(z)−
2
z
R(1)(z) + Tˆ (0)(z)R(1)(z)−
G2
6
1
z
Tˆ (0)(z) + connected = 0 (4.11)
With connected we mean connected two point functions. With this we see that
Tˆ (0)(z) and Tˆ (1)(z) satisfy (up to some factors) the same equations that Ω(1) and
Ω(2). Note that, for a precise identification, not only the equations but also the
boundary conditions (3.13) should be the same, that is the reason for using Tˆ (0)(z)
and Tˆ (1)(z) instead of T (0)(z) and T (1)(z).
The results obtained here are consistent with the diagrammatic analysis. In cal-
culating the effective superpotential a given diagram of L quantum loops, contributes
with a power of Wα equal to 2h + 4g + 2c− 2 with h the number of index loops, g
the genus of the diagram and c the number of crosscaps.5. On the other hand, the
maximun number of Wα depends on the chiral ring. In absence of gravitation
2h+ 4g + 2c− 2 ≤ 2h⇒ 4g + 2c− 2 ≤ 0 (4.12)
Implying that only diagrams with g = c = 0 and g = 0, c = 1 will contribute
to the effective superpotential, as found for instance in [10]. In presence of the
gravitational background under consideration 6
2h+ 4g + 2c− 2 ≤ 2h+ 2⇒ 4g + 2c ≤ 4 (4.13)
Now diagrams with g = 1, c = 0 and g = 0, c = 2 will contribute. In order to
study which diagrams will contribute to R(z) one should take into account that it
contains already two Wα.
5Remember that L = h+ 2g + c− 1
6For non trivial gravitational backgrounds we can put more than 2 Wα in one index loop, see
(2.1)
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4.2 SO(N) with symmetric matter
In this case, the analysis is completely analogous to the previous one; now in the
matrix model Φ is in the symmetric representation of SO(M). The loop equation
for the resolvent turns out to be
1
2
〈Ω(z)〉2 − I(z)〈Ω(z)〉 −
1
M
〈
∂
∂z
Ω(z)〉 +
1
2
〈Ω(z)Ω(z)〉c = 0 (4.14)
Again, note that this loop equation is analogous to the equation fulfilled by
the generator R(z) in the corresponding gauge theory, equation (3.22), provided we
identify G2 with 1
M
.
Expanding as in (4.4) and plugging the expansion in the loop equation, one can
obtain (
1
2
Ω(0)(z)− I(z)
)
Ω(0)(z) = 0 (4.15)
(
Ω(0)(z)− I(z)
)
Ω(1)(z)−
∂
∂z
Ω(0)(z) = 0 (4.16)
(
Ω(0)(z)− I(z)
)
Ω(2)(z)−
∂
∂z
Ω(1)(z) +
1
2
(Ω(1)(z))2 + Ω(z, z) = 0 (4.17)
The same rescaling (4.6) can be done here and again the same analysis following
equations (4.5) holds.
5. Conclusions
In this paper we used the method of the generalized Konishi anomaly in order to
compute the first non-trivial gravitational corrections to the F-terms of SO/Sp gauge
theories coupled to gravity.
We analyzed the cases of matter in the adjoint and symmetric representation for
SO (anti-symmetric for Sp). We found that for the case of adjoint matter the genus
zero contributions to gravitational F-terms can be absorbed by a field redefinition,
as expected. Interestingly, that is not the case for matter in the symmetric repre-
sentation, note that a N = 1 SO(N) gauge theory with matter in the symmetric
representation cannot be obtained by softly breaking N = 2 to N = 1.
We studied the non-planar diagrams in the dual matrix models, showing that
the resolvent of such matrix models encodes the information of the generators in the
gauge theory side.
As an open problem will be interesting to include the graviphoton contribution,
which will allow to see all genus contributions on the matrix theory side. We stress
that the graviphoton is projected out by the orientifold fixed plane needed to engineer
the SO(N) gauge theory, and will be absent in the case of unbroken gauge group;
however, it will appear in the broken case.
– 11 –
As mentioned, it is expected that for theories that can be obtained by softly
breaking N = 2 to N = 1 the genus zero contribution to the gravitational F-terms
can be adsorbed by a field redefinition; on the other hand, in this paper we found
that this is not necessarily true for theories that cannot be obtained in this way. It
could be interesting then to precise in which kind of theories this redefinition can be
done.
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